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Donnan Dialysis with Ion-Exchange Membranes. 
I. Theoretical Equation 

HIROFUMI MIYOSHI 
RESEARCH INSTITUTE FOR ADVANCED SCIENCE AND TECHNOLOGY 
OSAKA PREFECTURE UNIVERSITY 
1-2, GAKUEN-CHO, SAKAI, OSAKA 593. JAPAN 

ABSTRACT 

The transfer of ions through ion-exchange membranes was investigated theoreti- 
cally for Donnan dialysis. By applying Fick’s equation and no electric current to 
the flux through the ion-exchange membrane on Donnan dialysis, and by changing 
the valences of feed and drive ions, three kinds of equations were derived: I )  feed 
ions and drive ions are of equal valence, 2) feed ions are monovalent and drive 
ions are bivalent, and 3) feed ions are bivalent and drive ions are monovalent. 
The equations were evaluated by use of a computer by the Runge-Kutta method. 
The relation between the valence of ions and the characteristic coefficients of the 
membrane became apparent from the calculated results. 

INTRODUCTION 

Ion-exchange membranes have been used industrially for separation by 
electrodialysis (1-3), diffusion dialysis (4, 5) ,  and Donnan dialysis (6 ,  7), 
offering the advantage of allowing continuous separation without a change 
of phase. Donnan dialysis is an important form of separation with ion- 
exchange membranes because it does not require the application of an 
electric current, as does electrodialysis, and it can be applied to drug 
delivery, which has recently attracted worldwide attention. The transfer 
mechanism of Donnan dialysis is very complicated, involving an electric 
potential during the diffusion of ions, and has not been fully clarified. 

The transfer of ions in the ion-exchange membrane on Donnan dialysis 
is usually represented by the Nernst-Planck equation, which takes into 
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consideration both Fick’s equation and the electric potential. But the 
Nernst-Planck equation is very complex because it contains the electric 
potential. Thus, a simple equation which considers Fick’s equation and 
no electric current is derived in this study. The equation includes the 
characteristic coefficients of the ions and the membrane, and it represents 
the relationship between the concentration in the solution and time. 

THEORETICAL EQUATION 

General Formula 

The simulation of Donnan dialysis with an ion-exchange membrane is 
shown as Fig. 1 ,  in which the membrane separates cells I and 11. It is 
assumed that ions move only in the direction of the thickness of the mem- 
brane (x-axis), and the mass transfer coefficients in both boundary layers 
throughout the solution on the surface of the ion-exchange membrane are 
much larger than that in the membrane M, because the solution in both 
cells is stirred very well, making the thickness of the boundary layer of 
the solution negligibly small. 

When the concentration of the solution in cell I is different from that 
in cell 11, in general, the flux (.IA) of AZA-ions with valence ZA and that 
(.IB) of Bzn-ions with valence Z B  in the membrane are represented by Eq. 
(1) from Fick’s equation. 

I F hl F 11 

FIG. 1 Simulation of Donnan dialysis with ion-exchange membrane. CAI, CA1l, concentra- 
tions of feed ions in cell I and cell 11, respectively; C S ~ ,  Cell, concentrations of drive ions 
in cell I and cell 11, respectively; F, boundary layer; I and 11, cells; M, ion-exchange mem- 
brane; q A I ,  qal l ,  concentrations of feed ions at the surface of the membrane in cell I and 
cell 11, respectively; q B I .  @11, concentrations of drive ions at the surface of the membrane 

in cell 1 and cell 11, respectively. 
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where J ,  D ,  and q are flux, diffusion coefficient, and concentration in the 
membrane, respectively. 

It is assumed that the concentration of the drive ions (BZB-ions) in cell 
I1 is much higher than that in cell I as shown in Fig. 1, but the concentration 
of feed ions (A"*-ions) in cell I is approximately equal to that in cell 11. 
In this case, BzB-ions diffuse from cell I1 to cell I through the ion-exchange 
membrane, many BzB-ions exist on the surface in cell I, and BZB-ions can 
no longer diffuse from cell I1 to cell I by Donnan equilibrium. However, 
in this time, when the same quantity of AZA-ions as that of BZB-ions trans- 
ferred has moved from cell I to cell 11, BZB-ions again become able to 
diffuse from cell I1 to cell I. The diffusion of BzB-ions depends on that of 
AZA-ions, and vice versa. Therefore, by the diving force of BzB-ions, A"*- 
ions are pumped from cell I to cell 11. 

Moreover, with no electric current, the relation between J A  and JB is 
represented by 

From Eqs. (1) and ( 2 ) ,  the fluxes of AZA-ions and BZB-ions in the mem- 
brane on Donnan dialysis can be represented by 

ZADA dqA ZBDB dqB zAJA = + -- 
(3) 

2 dx 2 dx 

ZADA dqA ZBDB dqB 
2 dx 2 dx 

zBJB = -- - ~- 

This equation, a fundamental equation for Donnan dialysis, is derived 
by using the Fick's equation and no electric current. 

Boundary conditions are expressed by Eq. (4). 

where L is the thickness of the membrane. 
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Equation (3) integrated by using Eq. (4) is described by 

In an electric neutral condition, the concentration of all counterions in 
the membrane (ZAqA and Z B q B )  is equal to that of the fixed ions, that is, 
the exchange capacity (Q). Thus, the relationships of the concentrations 
at the surfaces of the membrane in cell I or cell I1 are represented by 

(6) Z A ~ A I  + ZBqBI = Q at X = 0 
ZAqAII Z B ~ B I I  = Q at X = L 

Substitution of Eq. (6) into Eq. ( 5 )  gives 

This equation shows that for Donnan dialysis the flux of ions in the mem- 
brane is represented by the reciprocal of the thickness of the membrane 
and by the product of the mean values of the diffusion coefficients of AZA- 
ions and BZB-ions and the difference between the concentrations at both 
surfaces in the membrane of cells I and 11. 

On the other hand, the flux of AzA-ions through the ion-exchange mem- 
brane ( J )  is equal to that in the solution, by the law of conservation of 
mass. The relation between the flux in the membrane and the concentra- 
tion in the solution is expressed by 

where C is the concentration of the solution, and S and V are the area of 
the membrane and the volume of the cell, respectively. Thus, the depen- 
dence of the concentrations of AZA-ions in cell I and cell 11 on time is 
represented by 
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vii dCAIi DA + Dn 
2~ (qAl l  - qAl)  _ -  

S dt 

The concentration of all ions in the solution in cell I or cell I1 is ex- 
pressed by Eq. (10). Because the quantity of AZA-ions transferred from 
cell I to cell I1 is equal to that of BZB-ions transferred from cell I1 to cell 
I, the total equivalent of ions in the solution in cell I or cell I1 is kept 
constant: 

(10) 
ZACAI + ZBCBI = CTI at cell I 
ZACAII + ZBCBll = at cell I1 

Moreover, the total concentration of AZA-ions or Bzn-ions in cell I and 
cell I1 is constant: 

(1 1 )  
CAI + CAI1 = CAT at AZA-ions 
CBI + CBI1 = CBT at BzB-ions 

From Eqs. (9) and (1 11, the relationship between the concentration of AZA- 
ions in cell I and time is represented by 

(qA11 - q A l )  (12)  - -  dCAI (DA + DB) s (vi + Vii) - 
dt 4LVIVIl 

The selectivity coefficients ( K %  and KglI) on the two surfaces of the 
ion-exchange membrane in cell I and cell I1 are represented by 

Case 1: zA = zB = z 

It is assumed that a valence (zA) of AZA-ions is equal to that ( Z B )  of 

(14) 

BZB-ions: 

ZA = ZB = z 
In this case, it is known that Eq. (15) is valid at Z A  = ZB (8-10). 

KZI = KWII = K (15) 
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From Eqs. (6), (lo), ( l l ) ,  (13), (14), and (IS), the concentrations at both 
surfaces of the membrane in cell I and cell I1 are represented by 

Substitution of Eq. (16) into Eq. (7) and rearrangement gives 

Moreover, substitution of Eq. (16) into Eq. (12) gives 

~ C A I  - (DA + DB)QS(VI + Vid CAT - CAI -- [{ ~ ( 1  - K"')(CAT - C A I )  + K""CTI1 dt 4LVI VII 

11 - {z(I - Kl/z)CAI + KlIZCTI 
CAI 

The integral condition of Eq. (18) is denoted by 

CAI = CAIO at t = 0 
CAI = CAI at t = t 

The solution of Eq. (18) by using Eq. (19) is represented by 
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Case 2: zA = 1 and ZB = 2 

It is assumed that the valence (zA) of AzA-ions is 1 and that (ZB) of BZB- 
ions is 2, as represented by 

Substitution of Eqs. (6) ,  (lo), ( l l ) ,  and (21) into Eq. (13) and rewriting 
gives 

From Eqs. (22),  the concentrations at both surfaces of the membrane 
at cell I or cell I1 are expressed by 

(X: + 4QXI)O.’ - XI 
qA1 = at x = O  

where XI and XIl are defined by 

Thus, Eq. (7) substituted by Eq. (23)  is expressed by 
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Case 3: ZA = 2 and Ze = 1 

It is assumed that the valence (zA) of ALA-ions is 2 and that (ZB) of BZB- 
ions is 1 ,  as denoted by 

ZA = 2 

ZB = 1 
(27) 

By substitution of Eqs. (6), (lo), ( 1  l), and (27), Eq. (13) can be represented 
by 

at x = o  

From Eqs. (28), the concentrations at both surfaces of the membrane 
at cell I or cell I1 are expressed by 

YI - (Y :  - 16Q2)0.' 
q A I  = 8 at x = O  

where YI and YII are defined by 

Therefore, Eq. (7) substituted by Eq. (29) is expressed by 

(31) 
Moreover, Eq. (12) substituted by Eq. (30) is represented by 

X [{ YII - (Y:I - 16Q2)".'} - { YI - (Y :  - 16Q2)o.'}] 

Equations (I@, (26), and (32) represent the relationship between the 
concentration (CAI) of ALA-ions in cell 1 and time ( t ) .  They are derived 
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by using Fick’s equation and no electric current, and will be readily ana- 
lyzable by use of a computer. 

THEORETICAL VALUES 

Conditions for Calculation 

To evaluate Eqs. (18), (26) and (32), the exchange capacity of the ion- 
exchange membrane (Q), the dimensions of the equipment for Donnan 
dialysis ( L ,  S, and V ) ,  and the initial concentration of ions in the solution 
in each cell ( CAIO, CAIIO, CBlo, and CB110) are assumed to have the values 
shown in Table 1. The valence of ions, diffusion coefficients of AZA-ions 
(DA)  and BzB-ions ( D B )  in the ion-exchange membrane, and the separation 
factor (a?) employed for calculation are shown in Table 2. The values of 
the separation factor are adopted by reference to values measured previ- 
ously (8- 10). The relationship between the separation factor and the selec- 
tivity coefficient ( K ? )  is represented by Eq. (33) (10): 

zB - zA 

= 

(33) 

where CT is the total concentration of ions in the solution in each cell; 
that is, or C T ~ ~  as defined by Eq. (10). 

Results 

Figure 2 shows the relationships between I and CAIICAIO which were 
calculated from Eq. (18) or (20) by the Runge-Kutta method by use of a 

TABLE 1 
Exchange Capacity of the Ion-Exchange 

Membrane, Values of Equipment, and Initial 
Concentration 

Q = 2.0 k r n ~ l . m - ~  
L = 1.5 x 10-4m 
v, = VI1 = 2.0 x 
S = 3.0 x rn2 
C A I  = 0.01 km01.m-~ 
CAI, = 0.01 km01.m-~ 
CBI = 0 k m ~ l . r n - ~  
CBII = 1.0 km01.m-~ 

m3 
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TABLE 2 
Values of Valence, Diffusion Coefficient, and Separation Factor of Ions for Evaluating 

Eqs. (18), (27 ) .  and (30) 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

1 
I 
1 
I 
I 
2 
1 
2 
1 
1 

1 
1 
I 
I 
1 
2 
2 
1 
1 
1 

1 
1 
1 
0. I 

10 
1 
1 
1 
1 
1 

0.1 
1 

10 
1 
1 
1 
1 
1 
1 
1 

1 
1 
1 
1 
1 
1 

10 
0.1 
0.1 

;o 

computer for the cases of Runs 1-5 in Table 2 for ZA = ZB = 1. It was 
found from Fig. 2 that CAllC~lo decreased with an increase o f t .  The flux 
increased with an increase of the diffusion coefficients from 0.1 to 1 to 
10 x lo - ' '  m2.s-'  because the value of CAIICAIO at each time decreased 
with an increase of the diffusion coefficient. 

When D A  is equal to Dg and is 1 x lo-"  m2.s-', the calculated relation- 
ships between t and CAI/CAIo are as shown in Fig. 3 ,  in which only the 

0 1 2 
d x10-4 (s) 

FIG. 2 The relation between time (0 and the dimensionless concentration (CAIICA,0) cal- 
culated from Eq. (18) or (20) at ZA = ZB = l .  (- -), Runs l and 4; (-), Run 2;  (...) . Runs 

3 and 5 .  
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t x10-4 (s) 

FIG. 3 The dependence o f t  on CAI~CAIO calculated from Eqs. (18), (26), and (32) at f ) ~  
= 1 and D g  = 1 X lo-" m*.s-l. (-), Run 2 of ZA = 1 and ZB = 1; (...), Run 6 of ZA 

= 2 and ZB = 2; (-.-), Run 7 of ZA = 1 and ZB = 2; (- -1, Run 8 of ZA = 2 
andzB = 1. 

valences of AZA-ions and BzB-ions are changed from 1 to 2, respectively. 
It is evident from Fig. 3 that the flux decreases with an increase of the 
valence of ions from 1 to 2. Moreover, the flux in the case of ZA = ZB = 
1 is the largest of those calculated in this study. 

In Fig. 2 the relationship between t and CAI/CAIO in Run 1 (DA = 1 
and D B  = 0.1 x lo-" rn2.s-') is equal to that in Run 4 ( D A  and DB 

t x10-4 (sl 

FIG. 4 The influence o f t  on CAIICAIO calculated from Eq. (18) or (20) at ZA = ZB = I .  
(...), Run 9 of ax = 0.1; (-), Run 2 of a! = 1; (--), Run 10 of a? = 10. 
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values inverted) where the sum of DA and De is kept constant at 1.1 X 
lo-" m*.s-'. The same result is obtained in Runs 3 and 5 where (DA + 
D B )  is kept constant at 11 x lo-" m2.s-'. If DA is equal to D B ,  the 
separation factor ( K g )  of AZA-ions to BzB-ions is mostly unequal to Kj$. 
The influence of K g  on the relationship between f and CAIICAIO is shown 
in Fig. 4.  Figure 4 shows that the flux at K? = 0.1 (i.e., cxf: = 0.1) is 
larger than those at K? = 1 ((YE = 1)  and KZ = 10 (a: = 10). Therefore, 
it was found that the flux increased with a decrease of K 2 ,  that is, an 
increase of the affinity of the feed ions (AzA-ions) in the membrane com- 
pared with the drive ions (BzB-ions). 

CONCLUSIONS 

By applying Fick's equation and no electric current to Donnan dialysis, 
three equations which included the characteristic coefficients of the mem- 
brane were derived for different valences of feed ions and drive ions: Eq. 
(18) or (20) in the case of ZA = ZB, Eq. (26) in the case of ZA = 1 and ZB 
= 2, and Eq. (32) in the case of ZA = 2 and ZB = 1. The relationship 
between the valence of ions and the characteristic coefficients of the mem- 
brane became apparent by the results calculated from Eqs. (IS) ,  (26), and 
(32). 

SYMBOLS 

C 
D 
J 
K 
L 

4 
S 
t 
V 

X 
Y 

Q 

X 

2 

concentration in the solution (kmol.m-3 j 
diffusion coefficient (m2.s ~ I )  

flux (kmol-m-2*s-1) 
selectivity coefficient (-) 
thickness of the membrane (m) 
exchange capacity of the membrane (kmol.m-') 
concentration in the membrane (krnol.m-') 
area of the membrane (m2) 
time (s) 
volume of cell (m') 
distance from the surface of the membrane (m) 
defined by Eq. (24) (-) 
defined by Eq. (30) (-j 
valence (-) 

Greek Letters 

(Y separation factor (-) 
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Subscripts 

A feed ions 
B driveions 
I value in cell I 
I1 value in cell I1 
T total value 
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